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1 INTRODUCTION
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make use of the basic commutator identities:

Nobusawa [1] introduced the notion of a I -ring, a notion
more general than a ring. Barnes [2] slightly weakened the
conditions in the definition of a I -ring given by Nobusawa.
After the study of I -rings by Nobusawa [1] and Barnes [2]
many researchers have done a lot of work on I"-rings and
have obtained some generalizations of the corresponding
results in ring theory (see [3, 4, 5, 6, 7, 8] and references
therein). In particular, Barnes [2] and Kyuno [5, 6] studied
the structure of I -rings and obtained various
generalizations of the corresponding results of ring theory.

2 Prilimaniries

If M and I" are additive abelian groups and there exists a
mapping (., ., .,) : MxIT'xM — M which satisfies
the following conditions:

(1) (a, B,b) isanelement of M,

(i) (a+b)ac =aac+bac,

a(a+ p)b=aab+apb, and
aa(b+c)=aab+aac,

(iii) (aab) pc = aa(bpc), for a,b,ceM

P el then M iscalleda I -ring [2].

It is known that from (i)—(iil) the following result
follows:

(*) Ocb = aOb = a0 = 0 forall @ and b in
M andall & in T" [2].

An additive mapping *ona I" -ring M is said to be an
involution if (X&) =y X~ and

(X)) =x forall X,yeM,y el.ATI-ring M is said to
be commutative if Xgy =ypx forall X,yeM, peTl.
A T -ring M is said to be 2-torsion free if 2X =0 implies
X=0 for all XxeM. Moreover, the set
Z(IM)={xeM :xay =yaxVael',ye M} is
called the centre of the I'-ring M. We shall write
[x,y], = xay—yox, X,yeM and a eI’ We shall

and «,

[xay, 2], =[x.Z],0y +Xla, 1,y + xaly, 7], and
[x.yaz], =[x, yl,az+Yla. fl,2+ yalx. 7],

for all X,y¥,zeM and a,f el If a I' -ring satisfies

the assumption
(**) aabpc=apbac foral a,b,ce M,a,feT.

Then the previous identities reduce to
[xBy.z], =[xzl By +xBly.z], and
[Xi le Z]a = [Xl y]aﬁz + yﬁ[xi Z]a’ for a”

X,¥,2eM and a, f €T.

An additive mapping D: M — M s called a” -derivation
on M if D(xpy)=DX)w +xD(y) for all
X,yeM and yel. An additive mapping
D:M — M s called a Jordan ~ -derivation on M if
D(xx) = D(X))X +xyD(x) for all XeM and
yel. A mapping F from M to M s said to be
commuting on M if [F(x),x], =0 and centralizing on
M if [F(X),x], €Z(M) for allxe M,y eTl. An
additive mapping T :M — M s said to be left (right) ~ -
Txyy)=TX)ry
(T(xyy)=x"yT(y)) for all X,yeM,yel. A -
centralizer is an additive mapping which is both a left and a
right " -centralizer. An additive mapping T:M =M s
said to be Jordan left (righty  -centralizer if
Ty x)=TX)yx (T(xx)=xHT(x)) for all
xeM,yel.

Let R be a ring. It is known [10] that if a mapping
T :R — R is both a left and a right Jordan centralizer then

T satisfies 2T (x*) =T (X)X+XT (X) forall Xe R but

centralizer if
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an  additve  mapping T:R—>R  satisfying
2T (x*) = T(X)Xx+XT(X) for all X€ R need not be a
left and a right Jordan centralizer. But in [10] he has also
proved that if a 2-torsion free semiprime ring R admits an
additive mapping T satisfying
2T(X®) =T (X)X+XT(x) for all XeR, then T is a
left and a right centralizer.

In this paper, motivated from the following Example 1.1, we
generalize the identity in [10] for Jordan " -centralizers in
semiprime I -rings with involution.

Example 1.1 Let R and Z are commutative ring of real
numbers and integers, respectively.

M=M,,(R) :{(r: (k)J m,n,k R}

Let

a 0
r=r,,(2) :{(0 ﬂj:a,ﬂeZ}

Then M xI'xM — M isa I' -ring under usual addition
and multiplication of matrices.
The IT"-ring M is given by

mam, 0 )
(A z,B)=AyB=<nam,+kpn, kpk,)
a,feZ,m,m,n,n,k .k, eR

It is easy to verify that M is semiprime I" -ring. We define
an additive mapping f : M — M by

£ m,am, 0
nom, +k, gn, k gk,
mam, O
= [ "ThMe ,Wherea, g € Z,
0 0

m,,m,,n;,n, K ,k, € R.
Let *:M — M s an involution defined by

*[ m,om., 0 j
nlamZ + klﬂrIZ k1ﬂ|<2
. [mloem2 0 j

0 kK, )’

where «, S =2,
m,, m,, n;, n,, K, k, eR.

It is easy to check that
2f (AEA) = F(A)EA + A" EF(A) forall
AeM, el . Then f isaJordan ~-centralizer.
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3 OnJordan ~ -centralizers in semiprime I -rings with
involution

In this section we prove our result regarding Jordan
centralizers in semiprime I" -rings
with involution.

Lemma2.1 Let M be a 2-torsion free semiprime I -ring
with involution satisfying X y YaZ = Xa Yy Z and

f :M — M an additive mapping such that
2f(xpBx) = F (X)X +X fF(X) forall Xxe M,
P el then f satisfies the identity [ f (X), x*ﬂx*]y =0.

Proof. We assume that M is noncommutative (the theorem

is trivial when M is commutative).
Linearizing

21 (x) = T () +x B 1(x), @

then using the last relation, we get

2f(xpy +ypx) = TN +X S (y)+
F(Y)B+y B F(x).

Replacing Y by 2(Xp + yyX) in (2) , we obtain
4 (XB(Xyy+yrx)+(Xyy+yrx)x) =

2f (B X +X 7y ) +2X BT (xyy +yyX)
+2F (Xpy+yrX)BX +2(y yx +X 7y )BT ().
Using (2), from the last relation we get
4f(XB(Xyy+yyX)+(Xyy+yyx)Bx) =

2f (B X +Xyy )+ X BTy

X Xy () +2X BT (V)X +X BY 7 T(X)
+F()yy X+ T ()X px

+y 7 F(X)BX +2(y X + Xy ) B (X).
That is,

AEXBXyy+yyX)+(Xyy+yyX)Bx) =
F)BERXy Y +3yrx)

+BXyy +2y yx)BEX)+X BEX)rY

Yy T BX +2X BE(Y)y X +X BXy T(y)
+f (V)X BX,

which alongwith (1) and (2) gives

AT (xB(xry+yyx)+(Xry+yyx)px) = F ()X ry”
+Y X BEX)+X BT (X)ry +Yy T ()X

12X Xy E(y)+ 2 (y)yx px +8F (xyyBx).
Comparing (3) and (4), we get

8f (xyypx) = f(X)B(Xyy +3y yX)+(Xyy +
Y X )BT (x)+2x BE(Y)rx =X BXy T (y)
—f(y)rx Bx.

@

(3)

(4)

©)
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Replacing Yy by 8(XpyfX) in (2), we get
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F)B(Xyy X =2y yX pX =2X X yy ) pX +

16 f (xB(xyyx)+(xryBx)x) =8F () B(X 7y BX) (X' yy BX —2X BX 1Y =2y yX BX) BT (X) X"

+8X BT (xyypx)+8f (xyyBx) X
+8(Xyy X)) B £ (X).

Using (5), from the last relation we get

16 (xB(xyypx) +(xrypx)BX) = T (X)BOX 7y BX +3y yX X))

HOCyy X +3X BXyy )BT () +X BE(X)B(X yy +3y 7X)
HBXyy +y X )BEBX + (< BY F (V)X
Xy YA = FX (BX) = (XA X 7T (y), (6)

which alongwith (5) gives

16 f (XB(xyyBx) + (xyyBx) BX) =

2[8f (xy(xBY)Bx)]+2[8f (X)y(yBX)BX]

= () BRXBXyy +6Y yx X
18X Y BX )+ (6X BXyy +2y yX BX
+8Xyy X)) BT (X)+4xX B (XBY +YyBX)yX

=2X BXy F(XBY +yPX) =21 (XBY + Y SX)yX X .

Using (2), from the last relation we get

16 f (XB(Xy yBX) + (XyyBxX) fX) =

fO)BERX BXyy +5y yX X +8Xyy BX)
+Q2Y X X +5X BXyy +8X yy BX) ST (X)
22X BE(X)ry BX +2X By y F (X)X

+H(X B F(Y)rx + Xy F(y)(BX)?

(B Ty =y E)(BX)

(X' B Xy f(y) - F(Y)rx (BX)% (7)

Comparing (6) and (7), we get
FOOBOCyY BX =2y yX X =2X X 7Y)
+HX 7Y BX =2X BXyy =2y yX pX) BT (X)

X BT)BXry +Y X )+(Xyy +y rx) BT (X)BX

+HX B T )y +y r F)(Bx)* =0. (8)
Replacing Yy by Xf'Y in the last relation, we get

X BEX)BX Y +Y X )pX
+(Xyy +yY X )BT NBX ) + (X B) T (X)ry X

+Y' 7 F()(Bx)’ =0. (10)
Subtracting (10) from (9), we have

X BY BX BIX, £ (X)], +X By BIX, T (X)], BX
+2(XB)7Y BLE(X), X, +2y B BT (X),X],
+Y X BIX, T ()], BX +y BIX, T (X)), (8X)* =0.

That is,
X By BIX X, F (X)), +2(X B)*y BLF (%), X],
+2y A LT (), X1, +y BX BIX, T ()], BX
+y BIX, F(X)],(BX)* =0. (11)
Replacing Y~ by f(X)y" inthe last relation, we get
X BEX)ry BIXBX, T ()], +2(X B)° F (XY’
BLEX), X T, +2F (x)ry B BYLF(),X],
+F(X)yy X BIX, T ()], BX +
F )7y BIX, £ (01, (8x)* =0.

Equation (11) alongwith (*) implies
()X By BIX BX, T (X)], +2F (X)y (X B)°Y’
BLE(x),X], +2F ()ry BOCA)LF(X),X],

+E )y BX BIX, £ (X)], BX

(12)

+F )y BIX, T (x)],(8x)* =0. (13)
Subtracting (13) from (12) we get

LF (), X T2y BLE(X), X BX],

=2[f(x), X' Bx], By 7 (x),x],=0.  (14)

Replacing y~ by y. Let a=[f(x),x],,

FOOBOCrY (BX) =2y pxX (BX) =2 By yx') D=IF00.X A, and €= =2[F (), X Ax],
+(X*7/y* (,BX*)Z _ 2(X*ﬂ)2 y*;/x* _ 2y*7/x* (ﬂx*)z)ﬂf (X)Then equation (14) becomes

+X BE)BXBY X +Y yx BX)+(X B)* T () BY rx

+(XBY yX +y yx BX) BT (X)BX

+Y X BE(X)(X)* =0. ©)
Equation (8) alongwith (*) implies

ayypb+cpyyra=0
forallyeM, g,y eT. a5)
Let Ze€ M. Replacing Y by Yy a [z in the last relation

we get

ayyraprpb+cpyyrafzya=0
forally,ze M, g,y I’. (16)
Equation (15) alongwith (*) implies
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ayyPayzpb+ayypcfzya=0 0=2[f(x),(XB)Y +Y (BX) +2x' BY BX],
forallyeM, g,y eTl. @n X _— * %

Subtracting (16) from (17) we obtain T ({)ﬂx Y ﬂi () + f(x)/i’y* X /if (¥). x Px ]y

(ayypc—cpyya)Bzya=0 =2(xB)° [ (x),y], +2[F(x),y1,(8x)’
forally.zeM, fiyel. U8 4art (0, gy pxT, + f(OBLY X Bx],

Replacing Z by ZyC Y inthe last relation we get . t(y) i X*] AL (y) X*,BX*] /B’x*

@ype-cpyrapucpya=o. g OATOXAL AT,

Equation (18) alongwith (*) gives +y, X*ﬂx*]yﬂf (%).

(ayypc—cpyya)pzyayype =0. (20) Thatis,

Subtracting (19) from (20) we obtain 2(x" B[ f (%), y*]y +2[ (), y*]y(,BX*)2

(ayypc—cpByya)Bzy(ayypc—cpyra)=0, (21) .k . e
which alongwith semiprimeness of M implies +4[f (x), x By Bx ]7 + f(x)ﬂ[y X PX ]7

ayypc = cpyra (22) +X BLE(Y), X BX ], +[F(y), X BX], BX
Using (22), from (15) we get ayygB(b+c) = 0.

In other words +y ’)_( BX ]7ﬂf (x) : 0 _ (26) _
[f(x),x*]ﬁ;/y,B[f(x),x*ﬂx*]y -0. (23) Replacing Y by X in the last relation and using 2-

. . torsionfreeness of M , we obtain
The last relation gives « N2 f(X) X*] +[f(X) X*] (,BX*)Z
(L (0., 2x +xX71F (00, X, )pyALE (). px ], =8 AV TTEx ], + TR X,
Which implies  +2[ f (x),(X' 8)*X’], =0,
[f (), XX 1,7 yBLT (), X X1, =0. which gives
That is, (XBYLF(x),xT, +3[f(x), X (Bx)* =0 (27)
[f (), X Bx],yypLE(x), X Bx], =0. From (24) we get
Semiprimeness of M implies [f(x), X*]yﬂx* +X AL (%), X*]y =0 (28)
[f (X), X*ﬂx*]y =0 (24) From the last relation by easy calculations one gets
Theorem 2.2 Let M be a 2-torsion free semiprime I" - (X ﬂ)z[f (X)’ X ]7 = [f (X)’ X ]7(13)( )2' Using the last
ring with involution satisfying XY aZ = Xy )Z relation, from (27) alongwith 2-torsionfreeness of M , we
and f :M — M an additive mapping such that get

* *\2 —

2F(xBX) = F(X)Bx" + X" B (X) [F(x),x],(6x)" =0 (29)
forall Xxe M, B €T, then f isaJordan and

(XYL (x).x],=0 (30)

rom (28) and then using (30) we attain

X ALE(x),x], Bx =0 (3D

" -centralizer.
Proof. By Lemma 2.1, Ilinearizing (24), we get

[F00,y BY ], + (). X BX], +[F (). X BY +y X

HT(y). X BY +y px], =0.

Replacing X by — X in the last relation and comparing the ~ Using (25), from (26) we have
relation so obtained with the last relation alongwith 2-

torsionfreeness of M , we get

[F(),XBY +y BX], +[f(y), X px], =0 (25)
Replacing Y by 2(y/£X+ XfY) in the last relation and
then using (2) and (24), we get
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0=2(xB)[f(x),y], +2[f(x),y'],(Bx)*
HALT (), X BY pX], + T () BLY ", X BX],
Hy X BXT, BT () =X BLE(X), X BY +Y BX],
1), X By +y X, BX

=20 B (X), Y], +2[F (%), Y] (BX)’
HALE (), X BY BX], + () BLy", X BX],
Hy X BX], BT () - X BLE(x).x], By
~(XB)TE) Y], =X BLE(X), Y],
=X By BT (x).X], ~[F(x),x], By BX
=X BLE(x), Y], BX =[F(X),y'],(Bx)’

-y BLE(X),X], BX.

That is,

OCAYIE(X), Y ] +[F(x), Y ] (Bx)’

+3[ (%), x'], By BX +3X By BT (x),X],
+2X LT (%), Y], BX + T () BlY " X BX],
Hy X AXT, BT () - X BLE(X), X, BY
-y AL (x),x], px =0

Replacing Yy by X'V in the last relation we obtain
XCAYIE(X), Y], B +(X By BLE(X),X],
HE), Y] BB X +y ALE(x),x ], (BX)*
+3[F (%), X1, BY (BX)* +3X' By BX BT (x),X],
+2X LT (%), Y] (BX)* +2x By BIT (%), X1, BX
=X LT (X),X], BY BX + () BLY ", X BX], BX

(32)

Hy X X1, BX BT (x) -y BX BLE (%), x], B =0.

Using (29) and (30), the last relation reduces to

OCBYTE(X), Y], BX + (X By BLT (%)X,
HE(X), Y1, B(XB)° X +3[(x),x], By (BX)°
+3X Y BX BLT (%), X1, +2x AL (%), y'], (BX)’
+2X By BLE (%), ], X =X LT (%), X], By BX

+f()BLY X BX], BX +[y X BX], BX BT (X) =0. dé)xﬂx) X" ff (x) forall XeM and BeT .

Equation (32) alongwith (*) implies
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XCBYLE(x), Y], BX +[F(x), Y] (BX)’

+3[F (%), XT, By (BX)* +3x By L1 (x),X], BX
+2x BLE(X), Y1, (BX)° + F ()AL X X1, pX
Hy X BXT, BT(X)BX =X BLE(X),X], BY BX
-y BLE(X), X, (Bx)* =0 (34)

Subtracting (34) from (33), we have

(XBYY ALE(X),X], +3x By BX BIX [T (%), x],],

+2X BY BLT (%), X1, BX +[y", X pX], BIX, T (¥)], =0,

which alongwith (30) gives

20 B)*y BLT (%), X1, +3x By X BLF (%), X], .
-X By BLF(x),x], px =0.

placing —[ f (), X*]y,[)’X* by X B[ f(X), X*]7 in the last

relation, we obtain

(XYY ALE(X),X], +2X By Bx BLT (%), X ], = 0(35)

Using (24), (29), (30) and (31), from (11) we get
A2y BLTF(¥),x], =0,

which alongwith (35), gives X' By A B[ f (x),x'], =0.
That is,

XBLE O, X, 7y BX BLE(%),XT, =0.
Replacing y* by Yy alongwith semiprimeness of M , we
have

X BLF (), x], =0 (36)
Similarly, we have
[T (OO, %], Bx =0 (37)

Linearizing (36) and then replacing X by —X and adding
the relation so obtained in the previous relation and then
using 2-torsionfreeness of M , we get

Y ALEC), X, +X BLE(x), ], +X LT (y),X], =0T
he last relation alongwith (37) and (*), implies
[ 00, X", BY ¥ (), X1, =0.
Replacing y* by Yy alongwith semiprimeness of M , we
get

[f (<), <], =0 (38)
Combining (1) and (38), we get f (xAX) = f (X)X and
That is,
is both a left and a right Jordan " -centralizer. Hence f

is a Jordan  -centralizer.
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